Abstract. In this paper we investigate a certain category of cotangent sums and more specifically the sum
Introduction
For a, b, n ∈ N, let
where ⌊u⌋ stands for the floor function of the real number u. In other words x n denotes the fractional part of the rational number na/b (for an extensive study of fractional parts of real numbers see [2] ). We know (see [3] , Proposition 2.1) that where r ∈ N and r ≥ 3, arises. Interestingly, the investigation of the above category of cotangent sums, with r ≥ 3, turns out to be more complex.
In the subsequent sections, we shall calculate the cotangent sum S(1, a, b), where
and associate the distribution of its values to a generalized totient function φ(n, A, B), where φ(n, A, B) := A≤k≤B (n,k)=1
1 .
Moreover, we prove several properties of φ(n, A, B) including an asymptotic formula. Namely, our main results are the following:
where (a, b) = 1 and b = 3. Then, the number of integers a, such that 1 ≤ a ≤ b − 1 and S(1, a, b) = 0, is given by the following formula 
where δ n,A = 1 if (n, A) = 1 and 0 otherwise.
Preliminaries
Proposition 2.1. For every a, b, n ∈ N, b ≥ 2, such that b |3n, we have
where x n := {na/b} and
Proof. We know that
for every b |n. So, we get
for every b |3n. Thus
for every b |3n. So
for every b |3n. Hence
for every b |3n.
Lemma 2.2. For every a, b, n ∈ N, b ≥ 2 and every k ∈ N ∪ {0}, we have
where
Proof. We know (see [3] , Section 2) that
Thus, we can write
For the case when k = 0, the result is clear.
The following proposition also holds.
Proof. Since b = 3 and (a, b) = 1, it is clear that b does not divide 3a. Thus, b should divide one of the consecutive integers
In other words, there exists k, with 0 ≤ k ≤ b − 2, such that
But, then it is obvious that b |3a + k. Hence, by Proposition 5.2 of [3], we get
Also, since 3a + k + 1 ≡ 0 (mod b), by Proposition 5.2 of [3] , it follows that
So, by the above relation and (1), we obtain
However, by Lemma 2.3 we know that
for every n ∈ N. Thus, this yields
Therefore, (3.1)
But E(3, k) = 0, since we have assumed that 3a
In addition, by Proposition 2.1 we know that
Hence, by relations (3.1), (3.2), we obtain
Hence, by (2) we get
But since a ≥ b, it is clear that
Therefore, by (4) we get
. and therefore S(1, a, b) is an integer.
Proof. We know that 3a + k + 1 ≡ 0 (mod b). Also, E(1, k) ≡ 0 (mod b), since its terms are either b or 0. Hence,
Since b is an even integer, it follows that S(1, a, b) ∈ Z. The above inequality and the fact that S (1, a, b) is always an integer when b is even, lead us to the assumption that the values of this cotangent sum could possibly be very specific. Some numerical experiments revealed that the value of S(1, a, b) was either 0 or ±b/2. Hence, with some further investigation we obtained the following result. Proof. By Proposition 2.4 we know that
We can consider a, such that 1 ≤ a ≤ b − 1 due to the periodicity of S(1, a, b) with period a. Thus, since 0
In other words, ν = 0 or 1. Hence, we can consider the following cases. Case 1. If ν = 0, we have
That is
Then, we can write S(1, a, b) = b − m . However, we know that |S(1, a, b)| < b and thus
But, since both 3a + k + 1 and 3E(1, k) are divisible by b, it follows that 2m is divisible by b. Therefore, we obtain 2m b = r, where r ∈ N or equivalently
By (6), (7) it follows that the only possible values for m are
Consequently, the only possible values that S (1, a, b ) may obtain, in the case when ν = 0, are
Case 2. If ν = 1, by (5) we have
where m is defined as in Case 1. Thus, similarly to the case when ν = 0, we get
from which it follows that 3b 2
Additionally, we have
Hence, the possible values of m are
Therefore, by (8) it follows that the only possible values that S(1, a, b) may obtain, in the case when ν = 1, are
Now that we have specified the only values which the cotangent sum S(1, a, b) can obtain, an interesting question is to investigate when does this sum obtain these values. Thus, in the following we will determine the values of the integer a, for fixed b, for which S(1, a, b) = 0, ± b/2, respectively.
The distribution of the values of S(1, a, b)
The set of integer values a for which S(1, a, b) = 0. By Proposition 2.4, for S(1, a, b) = 0 we obtain (9) (3ν + 2)b = (3a + k + 1) + 3E(1, k) .
As we have illustrated in the previous sections, ν = 0 or 1 and E(1, k) = 0 or b. Thus, we can distinguish the following cases. Case 1 If ν = 0, by (9) we get 2b = (3a + k + 1) + 3E(1, k) .
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Hence, if E(1, k) = 0 then 2b = 3a + k + 1. On the other hand, if E(1, k) = b then 3a + k + 1 = −b < 0, which is a contradiction. Case 2. If ν = 1, by (9) we obtain 5b = (3a + k + 1) + 3E(1, k) .
Thus, if E(1, k) = 0 then 5b = 3a+k +1. But, since 1 ≤ a ≤ b−1 and 0 ≤ k ≤ b−2, it follows that 4 ≤ 3a + k + 1 ≤ 4b − 4, which is a contradiction. If E(1, k) = b then 2b = 3a + k + 1. Therefore, we obtain the following proposition By the above proposition it follows that the only values of a which can be zeros of S(1, a, b) are the ones for which (a, b) = 1 and
Hence, we obtain the following corollary. Thus, if E(1, k) = 0 then 4b = 3a + k + 1 ≤ 4b − 4 which is a contradiction. If E(1, k) = b then b = 3a + k + 1. Therefore, from the above we obtain the following proposition. 
By the above proposition it follows that the only values of a for which S(1, a, b) = b/2 are the ones for which (a, b) = 1 and
Hence, we obtain the following corollary. 
The set of integer values a for which S(1, a, b) = −b/2.
We shall now investigate the final case when S(1, a, Thus, if E(1, k) = 0 then 6b = 3a + k + 1 ≤ 4b − 4 from which we get 2b ≤ −4 which is a contradiction. If E(1, k) = b then 3b = 3a + k + 1. Therefore, from the above we obtain the following proposition. Hence, we obtain the following corollary. 
